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Introduction

The writer (1950) has considered a number of distributions arising
from points of k characters distributed at random on a lattice
These distributions can be treated on the basis of simple or complex
Markoflf chains. Their cumulants have been calculated by obtaining
the factorial moments. Though this method has been found to be
satisfactory, the reduction involved in the calculation of the cumulants
is so heavy that it has become necessary to examine the possibility
of simplifying this procedure. The cumulants of most of the distri
butions are linear functions of the number of points on the lattice
and it appears that it should be possible to develop a simple method
for obtaining the cumulants. Moran (1948) has made some progress
in this direction. But he has dealt only with the corrected moments
and as they are not linear in the number of points on the lattice
the methods are not simple. The purpose of this paper is to give
(i) a rigorous proof for the author's result for calculating the factorial
moments and (ii) a new method for obtaining the cumulants directly
for distributions arising from Markofif chains.

2. Factorial Moments

Theorem.—The /--th factorial moment for the distribution of the
total number of some defined character . arising in Markoff chains
on a line or on a lattice is /•! (the expectation for r of the
characters).

Proof. Let the variate (i.e., the defined character) assume the
value one or zero according as it occurs or does not occur. Suppose
that the character can occur in N ways and let x^, ... be the
variables for these N ways. Assume

X^Sx,.
- • !•
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Then

E{X)=E{L,) =NE{x,)

•• expectation for the total nuniber of characters
(2.1)

= E{X)-VN{N -I) {Ex,x,)

Transposing we get

EX {X —\) =2 \(expectation for two of the characters) (2.2),

E (^3) = E{Sx.y = E (2:x,3) + 3£{Sx,''x,) + 3£{Sx,x,^)

1

E{X^) =E{2x,y = E(£x,^) +2ES (x,x,)
1 1

+ 31 E (Z x,x,x,)

= £ (X) + 6E (i^x.x,) + V.E {2x,x,xt)
= EiX) + 6EXiX-l) + 3\E isx,x,xt)

Transposing we obtain

(X —1) (X —2) = 3! (expectation for three characters) (2.3)
Similarly it can be shown that

E(ATO =^(1^.)
= E {Ex,') + E {Ex"xJ) + E {Ex^x^^x^, ).

V ... +r! £ (i;x,x, terms)

The above expression reduces to |
, £m - Ao'EW + £(r») +^ £(JT")... +

^ E(:5:'<''-i') +r\E (ExiX,,, ...r terms) (2.4)
Using the identity that

it can be easily seen that (2.3) reduces to
£ ^ (expectation for r of the characters) (2.5)
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3. Calculation of Cumulants

It can be shown that k, for the distribution of the total number
of black-black joins for n points on a line is given by

K;=r\S{n-t)S
,=0

where + jg .. and stand for the joint product
cumulant of

(x^-p'yHx2-pT

This result can bs extended for the distributions on a lattice and

also for that of runs, etc.

- We shall first establish this result for the linear case. Let there

be n points on a lins. The number of ways in which a-black-black
or a black-white (including white-black) join can be obtained is
{n —1). Let the variables x^, ... x„_i take the values one or
zero" according as a join occurs or does not occur. Now

Ki = K = K (i/z/) + K {i: (Zr% + ZrZ/)}

+2^ « + 21 ll 1!
, -f- z,z/z, + +4\ Kii:z^,ztz„), • (3.1)

where z,=(x, —a^) and being the-expectation of x,. It can be
easily seen that

K{z^^z^zrpi^) = 0,

where ?• > j -1- 1 > i -f 1 > m-f- 1- Hence (3.1) reduces to

Ki ={n - 1) K(z^) +3^ {n - 2) {k -f k(ziz^^)}
+2^ (« - 2) /c (z,W) +

2, fi'i; (« - 3) /c {(zi^zg) +«
-1- 4! (71 - 4) k: (Z1Z2Z3Z4) (3.2)

4! , , 4! ,
= {n — I) Ki + in —2) {/c'31 + /c'13} +

4'

+ tTTYV. ~ 211 + *< '̂121 + f'lia}
+ 4!(«-4)«'nu, (3.3)
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where k' stands for the appropriate cumulants indicated by the
suffixes.

Similarly it can be shown that

= r \ S {n — t) U
! 5-2' ... s,!

The above result can be extended for the distributions arising from
a lattice of points. Representing in terms of Moran's figures (1948)

4'
K.t = "-ix'i (0=0) + a., {/c'gi (0=0-0) + k'i3 (0--0=0)}

4! 4! •
+ 2121 ®3«'22 (0=0=0) + 2! 11 i"] "•4 ('̂ '211 (0=Q-0-0)

+ «'i2i (0-0=0-0) + K'na(0-0-0=0)}

41 , / /0\ 4!
2! 1! 1! \(^o) 2! 1! 1!

+ (0-0-0-0-0)

O

+ ^lagfc'iui 0-0-0 + 4!a„,c'9^ 1111

0-0

+ 4!an/<r'iiii I 1^ (3.5)
\o-o/

(3.4)

0=0

where aj, a.^, ... are the number of ways of obtaining the given
or similar configurations on the lattice.

4. Applications

Using the method developed in Section 3 it has been shown that
the fourth cumulants for the distribution of black-black, black-white
(including white-black also) and the total number of joins between
points of varying characters can be obtained comparatively easily for
points lying on a line and on a lattice,

(i) Fourth cumulants of distributions for points on a line.—For this
we have to evaluate k\, k'/c'13, k'j,, /f'n2 and /c'nn.

Ki - 3 {£• (xi - o,)2}2

= «2 — —6a2S (4.1)



r
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where a^, is the probability for a black-black, black-white or a join
between points of varying characters.

'< '̂13 = f'si = E (.Ti — (^2 —a.^

- 3 {E(xi - a^y) {E(xi - fla) —a^)}

= 03 —eogfla + 60^02^ — -j- 6a^3 _ ^^^4 (4 2)

where Os is the probabihty for two joins from three adjacent points.

/c'22 =E{xi- a^Y (xa - a^Y - {E (xj - a^Y) {E{x^ - a^Y)

-2 {E(xj - fla) (xa - a^Y

= - fla'- - 4^203 - 203^ + - 602'' (4.3)

'̂iia = '̂ 'au •= E (xi —a^Y fe —a^) (x^ —Oa)

- {E (x:^ - a^Y) {E (^1 - o-a) (^2 - 02)}

= ^4 — —2^204 + 4fl2^«3 4- ^2® - 2aa^ (4.4)

where represents the probability for three joins from four points.

k'hI = -£• (>^1 - «2) (^2 - a^Y (:^3 - «2)

-2{E {x^ - oa) {X2 - fla)}'

= ^4 - 20303 + Oa" - 2aa«4 - (4.5)

x'nii = E {xi —Oa) (xa —a^) {x^ —Og) (^4 —

- [E (xj - Oa) (Xa - Oa)}^

= flg - 20304 - «3^ + 302^03 - (4.6)
where 05 is the probability for four joins from five points.

The values of 03, a^, 04 and Og for black-black, black-white
(including white-black) and for any kind ofjoin is shown in Table I
below;

Using (3.3) Ki can now be written easily. For black-black joins
it reduces to

1) (p' - Ip" + \2p^ - 6p^) + 8 (« - 2) {p^-pi- 6p^

+ 6p<^ + 6p'' —6p^) +6(n- 2) (p^ —pi - 4/)® + 2p^

+ 8/7' —6p®) + 24 {n —3) {pi —2p^ — -\-Ap'' —2p^)

+ 12 (« - 3){pi - 2p^ - 3p^ + Sp' - 4/78)

f 24 (n - 4) {p^ - 3f + 3^ -p») ^4.7^



Table I

Values of a'j for dijfevent distributions

Probabilities of B-B joins B-W, and W-B joins Any join between points of different characters

One join from two points P^' '^PiPi '^^PrPs

Two joins from three points P' PiP^ Oi +Pd ^ {Pr^Ps + PrPs') + ^^PrPsPt

Threejoins from four points ^4 .. P" '^PxPi ' '^^PrW + ^^(Pr^PsPt +PrPs^Pt + PrPsPt'̂ )
+ 24i:PrPsPtPu •

Four joins from five points a-^ p= PiW(.P-i +P2) ^PrW (Pr +Ps) + '̂ ^PrPsPt CPr^ + Ps^ + Pt^)
+ 362:prP,PtPu (Pr +Ps+Pt + P«)
+ \2Ep,p,Pt iPrPs + PsPt + PiPr)
-f m2p^p,ptp„p„
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Similarly for white-black and black-white joins

= (« - 1) - %PlPi}

+ 8 (« - 2) {/7i/72 (/?! -f p.^) - \2piW {Pi + P^

+ '2'^PiW (Pi +P2) -WP2^ + ^WP2^ - 96piW}

+ 6(n- 2) {pip^ {p^ -{-p^) - ApiW - ^Pr^Pi^{Pi + /'o)

- '^PiW (Pi +PiY + 'i^PiW + 64^1^2^ iPi +P2)

- ^(>PiW} + 24 {n - 3) {2p^^p^^ - 4p^W (Pi + P2)

- 8piW + ^6piW (Pi +P2) + WP2'' - 32/)iV}

+ 12 (n - 3) {2pi^p2\- 4pj^P2^ (j)i +p^) +

- WP2^ ~ 2piW (Pi + P2T + ^^Pi^ (Pi + P2)

- 64p,W} + 24 (n - 4){p,W(Pi +P2) - WP2'

-PiW {Px +Pd^ + l2pxWiPi +P2) - 16i?i'W} (4.8)

• for the total number of joins between points of different
characters can be written in a similar manner.

(ii) Fourth cumulants of distributions for points on a lattice.—The
probabilities for one, two, three and four joins from two, three, four
and five points for the various possible configurations are shown in
Table II.

Now to obtain the fourth cumulants of the distributions we have

to evaluate the k"s for the different configurations shown in Table II.
k\, K31', K13' and k2,' are the same as given in (4.1), (4.2) and
(4.3).

Kiii (?\ ) =K'lai ) =^121 (?\ ) =
\o—0/ Vo—0/ \o=o/

E (xi —^2)^ (xj —^2) (^3 ~ ^2) 2/iij^^ —fi2Mii

= As — SA^a^ + 10^3^2^ 4- la^^ — 6^ —

(4.9)

/O 0\ , /O 0\ , /O 0\
/c'ni ( 1/ ) = '̂ 112 (11/ ) = '< m ( 1/ )

\o=o/ Vo-o/ Vo-o/

= /f 4 — 3^2^ 3 —202^1 + 10a2^«3 + 2^2®

^203^-6031 (4.10)



Table II

Probabilities for different configurations

Configurations

Probability for joins of No. of
configurations

B-B B-W and W-B Different colours

on the
lattice

One join from two points
0-0 ^2

P' 2pip^ 2(P) "1

Two joins from three points
0-0-0 03

P' PiPziPi +P2) (21)+6(13)

n

II

Three joins from three points

0-0

P' 0 6(13) «5

"Three joins from four points meeting at
a common point .

0-0-0 ,
1 ^4

0

P^ P1P2 {Pl^'+P2^) (31) +6(2P)+24(P) "c

'Three joins from four points forming a chain
0-0-0-0 ^4

P^ 2p,^p^ 2 (22) + 6 (2P) + 24 (1^) 0-i

Tour joins from four points forming a ring
0-0 „
1 1
a-o

P* ^PiW 2(22) +4(212) +24(11) "11
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'Four joins from four points three of which
form a A

0-0-0

\i

0 4 {2P) + 24 (P) «0

.Four joins from five points meeting at a
common point

0

PxPi {P\ + Pi) (41)+ 8 (31^)4-6 (221)
+ 36(2P) + 120 (P)

0-0-0 Cg

0

Four joins from five points such that three
meet at a point

0

PiW (Pi +P2) (32) + 4 (3P) + 36 (2P)
-1- 10 (2^1) + 120 (15)

''lO

0-0-0 Q.'
1

0

Pour joins from five pointsforming a chain
0-0-0-0-0 «5

F- PiW (Pi +P2) (32) +2 (312) +36 (213)
+ 12 (2^1) + 120(15) '
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The k"s arising from three joins forming a chain has already been
given in (4.4) and (4.5).

x im

O-O

f 1111

K nil

K 1111

—5 4 202<3'4 9^302^

- - 2^32

— -64 8^72^^3 3fl»''-2a,2

(4.11)

(4.12)

= ^ 4M4 + - 6fla« - W (4.13)

^ =Cg' —la^a^ — —
(4.14)

«'iiii (0-0-0-0-0) = same as given in (4.6).

Substituting the values of a. A, B, C, etc., in (3.5) from Table II
the k4's can be obtained. For black-black joins it reduces to

<^4 = «i (P' - 7/'' + 12/^® - 6p' + 6/)«

. + 6/7' - 6p') + 6<x3 (p^-p^- 4p' + 2p0 + 8p' - 6p^)

+ 24a^ (p* - 2p' - p^ + 4/7' - 2p8) + 12a4 (;,4 - 2p^

- 3p' + 8p' - 4/j8) + 36a, (p^ - 5p' + 10/7' - 6/78)

+ 36ag {p^ - 3/75 - 2/76 + 10/7' - 6/78) + 24a, (p5 _ 3^6

+ 3/7' -/7«) + 24o3 (p5 _ 7/78 + 12/7' - 6/78) + 24a,

(p^ —p^ —5p^ + 9/7' —4/78) + 24aio (/7® — 4/7® + 5/7'

^ - 2/78) + 24aii (p4 _ 6/78 + 8/7' - 3/78), (4.15)

where the values of the a's obtained by B. V. Sukhatme (1951) are
as follows:

= (4b - 3a + 2), aa = ag = (286 - 26a + 44),

a4 = (1846 - 327a + 554), a, = (4b - 4a + 4),

ag = (566 - 92a + 148), aj= (11686-2614fl + 5580)

ag = (706 - 130a + 240), = (726 - 108a + 156),

aj„ = (10326 - 2166c + 4416), = (126 - 17a + 23)
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in whicia b = mn and a = ni + n, m and n being the number of
points on the sides of tlie lattice.

Similarly by substituting the values of a. A, B and C given, in
Table II the 4th cumulant for the distribution of B-w and w-B joins
and also for the total number ofjoins between points of different colours
and also for the total number of joins between points of different
colours can be written.

5. Summary

A rigorous proof "for the author's result for calculating the
factorial moments of distributions arising in Markoff chains has been
given. A new simple method for obtaining the cumulants of such
distributions has also been developed.

Krishna Iyer, P. V.

Moran, P. A. P.

Sukhatme, B. V.
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ERRATA

. • (Vol. IV, No. 1, p. 61) ,

Eighth row of the i&Ht—Read " 18 " in place of"\l
3rd and 4th lines from the bottom—-Reat/ " 18 " in place of" 17 ".


