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INTRODUCTION

THE writer (1950) has considered a number of distributions arising
from points of k characters distributed at random on. a- lattice.
These distributions can be treated on the basis of simple or complex
Markoff chains. Their cumulants have been calculated by obtaining

the factorial moments. Though this method has been found to be -
satisfactory, the reduction involved in the calculation of the cumulants

-is so heavy that it has become necessary to examine the possibility

of simplifying this procedure. The cumulants of most of the distri-
butions are linear functions of the number of points on the lattice
and it appears that it should be possible to develop a simple ‘method
for obtaining the cumulants. Moran (1948) has made some progress
in this direction. But he has dealt only with the corrected moments
and as they are not linear in the number of points on the lattice,
the methods are not simple. The purpose of this paper is .to give
(i) a rigorous proof for the author’s result for calculating the factorial
moments and (ii) a new method for obtaining the cumuldnts directly
for distributions arising from Markoff chains,

2. FACTORIAL MOMENTS

THEOREM.—The r-th factorial moment for the distribution of the
total number of some defined character . arising in Markoff chains
on a line or on a lattice is ! (the expectation for r of the
characters),

Proof —Let the variate (i.e., the defined character) assume the
value one or zero according as it occurs or does not oceur. Suppose
that the character can occur in N ways and let X5 Xg, ... Xx be the
variables for these N ways. Assume’

N
X =2x,.
T
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Then

EX)=E (Zx) =NE(x,)

= expectation for the total number of characters

o 2.1)
N
E(X?) = E(Px)t = E (5%, +2E 2 (x,%)
: 1 1
— E(X) -+ N(N — 1) (Ex,x,)
Transposing we get . '
EX (X — 1) = 2! (expectation for two of the characters) (2.2).

E 5 = E () = E (35 + 3E (5%%) + 3E (Ex,x,)
1

31 E (2 x,%,%,)
= E (X) + 6E (Zx,x,) + 3! E (Zx,x,%,)
— E(X) +6EX(X — 1) + 31 E (Zx,x,x,)
Transposing we obtain
EX(X —1) (X —2) = 3! (expectation for three characters) (2.3)

Similarly it can be shown that
N r
E(X)=E (sz)
1

al
—E (%) + 157 E@x'n) +

|v|w| E(Exl xmx ) ]

R ...+ E(Zx;x,, ... rterms)
The above expression reduces to
. E (X‘) = Ao’E(X) + E (X + =7 E(X(3))
A' 1o

=501 B9 _E XD + ! E (Zxx,, ... terms) @.4)
Using the identity that
‘ (2) A2 (r
x—x(l)Ao+x2Ao X7 Aror

T
it can be easily seen that (2.3) reduces to

E (X)) =r! (expectation for r of the charécters) 2.5
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3. CALCULATION OF CUMULANTS

It can be shown that «, for the distribution of the total number
of black-black joins for # points on a line is given by

I

— _ K 5558005
"2(” S N B

where s, + 5, ...5, =r and «’y,, ,, stand for the joint product

_cumulant of

(%1 —pH" (xp — B ... (x, — Pt
This result can bs extended for the distributions on a lattice and
also for that of runs, etc. _

- We shall first establish this result for the linear case. Let there
be n points on a-line. The number of ways in which a-black-black
or a .black-white (including white-black) join can be obtained is
(n— 1) Let the variables xj, X, ... x,_1 take the values one or
7610 ‘according as a join occurs or does not occur. Now

£

Ky =K g'Z:r> =« (22%) + 37713 3| 1| {2 (2%, + z,2,°)}
1

41 4!
gt e BN & g < Bz

+ 2,222, + 2,229} + 4! k (Zz,2,2,2,), C(3.1)
where z, = (x, —a,) and a, being the-expectation of x,. It can be

easily seen that
x (z,22,°pi"™) = 0,

where r>s-+1>¢t-+1>u-+1. Hence (3.1) reduces to

k= (0= 1) k() + 5oy (= 2) {i (2%) + ¢ (520}

4! :
+ o1y (1 = 2) k (2720 +

41
s

441 (n — 4) k (212:2374) _ (3.2)

3) k {(z122523) + & (2122223);*‘ K (lezészj}

. 41 , o 4!
=(n—1);<4+3m-(n—2){'<31+f<13}+j2!—2!'<22

4! I ’ ’
+m(n_3){'<211+'<121+l<112}

+ 4! (ﬂ - 4) Kll,ln.’ ) - (3 .3)
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where «’ stands for the appropriate cumulants indicated by the
suffixes. :

Similarly it can be shown that

K’ .
— .! » _ P> 81820008¢ _ - R 3.4
wy =rlZ (1) 2 e (3.4

| The above result can be extended for the distributions arising from
| a lattice of points. Representing in terms of Moran’s figures (1948)
| . ‘ 4

41 , ,
Ky = al_;c’4 (0=0) + 371 ay {x'y (OEO—O) + K13 (O_‘—_OEO)}
4! . 41 . -
+ 317 %s¢'s2 (0=0=0) + sy % (s (0=0-0-0)
- + K’121 (O-O=O—O) + K’112 (O—O—O:o)}

7
! 4
4! )

’ O ! ’ )y
+arr St (O/_g) toarrTr e | Q=0

+ 4o’y (O —0—-0—0—0)

O . O
YA , TN\
+ 4lagi’1yy O—?'—O + Hagi'yn (?“ O
' O O

o-¢Q 0—0y |
+ 4!a1oK'1111‘ < /O\ + 4lagiic'1ng (Ol Ol) (3.5
O O

where a;, a,, ... a;; are the number of ways of obtaining the given
or similar configurations on the lattice.

4. APPLICATIONS

Using the method developed in Section 3 it has been shown that
the fourth cumulants for the distribution of black-black, black-white
(including white-black also) and the total number of joins between
points of varying characters can be obtained comparatively easily for
points lying on a line and on a lattice,

(i) Fourth cumulants of distributions for points on a line—For this
we have to evaluate «’y, 'y, «'13, x's2, K'a11, k'ya1, K112 ANA K'ppyy.

wy =E(x; —a)* —3{E(x; — a,)*}?
= ay — Ta,? + 12a,* — 6ay’, ' : (4,1)
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where a, is the probability for a black-black, black-white or a join
between points of varying characters.

K= 'y = E (v, = 4" (6 — ay)
—3{E (x; — a)%} {E (%, — ap) (x, — a,)} ‘
= a; — 6a,a, + 6a3a,® — a,? + 6a,® — 6a,t 4.2)
where a, is the 'brobability‘ for two joins from three adjace‘nt points.
Ko = E (¥ — ) (x — @) — {E (5 — a3 {E (x, — a)?}
—2 {E (X1 — ay) (x5 — ay)}?
=a; —as? — 4asa; — 2a4® + 4a,® + 8ay%a, — 6a,! (4.3)
K110 = ;c'g'u = E(x, — ay)? (x5 — a) (x5 — @)
—{E (% — a)}HE (31 — ap) (%, — ay)}
= a, — 2a,a, — 2a,a, —}—.4a22a3 4 a,® — 2a2'4 4.4
where a, represents the probability for three joins from four points.
K1 = E (Ot — ap) (%, — a)? (%3 —ap)
—2{E (x; — ap) (xp — ay)}?
= ay — 20,05 + a,® — 20,0, — 2a,® + 8a,%a, — da,t (4.5)
k'un = E (3% — ap) (2 — ay) (x5 — a3) (X3 — ay)
—{E (x1 — ap) (% — ap)}?
= a; — 2a,a, — az* 4 3a,2a; — a,t 4.6)
where a; is the probability for four joins from five points.

The values of a,, a, a, and a, for black-black, black-white
(including white-black) and for any kind of join is shown in Table I

°

below . -

Using (3.3) «4 can now be written easily. For black-black joins
it reduces to .

kg =(n—1) (7* = Tp + 1295 — 6p%) +8 (n — 2) (p° — pt — 6"
+6p° + 6p” — 6p%) + 6 (n — 2) (p* — p* — 4p° + 2p®
-+ 8p7 — 6p%) + 24 (n — 3) (p* — 2p° — p® + 4p” — 2p¥)
1200 = 3) (' — 2° — 3p° + 87 — 4p)
T2 — 9 —3p° +3p" —p?) (4.7)




TABLE I

Values of a’s for different distributions

Probabilities of

B-B joins | B-W. and W-B joins

‘Any join between points of different characters

One join from two points a, p? 2p1p, 22p,p,
Two joins from three points a; p? e (p1 Do) 2 (p,2p, + p,0s») + 62p,p,p,
"Three joins from four points a, ..| p* 2p3%ps 22p*p? + 62 (p,*p,py + P,0s*ps + P0,P:%)
: + 242p,p.piPu
4 ‘Four joins from five points a, , P’ P12p:2 (py + P2) Zp,2p2 (p, + p,) + 22p.p,p, (P,* + p,° + p%) |

+ 362p,p,pp, (P, + Ds + Py + Pu)
+ 12Xp,p.p, (P,ps + D:P: + PiP;)
+ 1202p,p,p,PuDy

SOILSILV.LS TVINLINONOY A0 XIAID0S NVIANI ZHL 40 TYNUNOL
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Similarly for white-black and black-white joins
rey = (n — 1) {2p,py — 28p,*ps* -+ 96p:°p,® — 96p1*py*}

+ 8 (n — 2){p1p2 (P1 + p2) — 120:°p* (P2 + Do)
+ 249,393 (py + Pa) — 4py2ps? + 48p,3p3 — 96p,1py")
+6 (2 — 2) {pupa (pr + Do) — 4p12P* — 891%D22 (Py + o)
— 2p1%ps? (p1 + p2)® + 32p,®p,® + 64p1'py* (py -+ p2)
— 96p,py*} + 24 (n — 3) {2p,*py* — 4p,°ps? (p1 + p2)
— 8p:°ps® + 16p1%p,° (b1 + po) + 8p1%p,° — 32p,%p.8
+ 12 (n — 3) {2p1°ps® — 4pi2po2 (p1 + Po) + 8pypy?
— 8p1°ps® — 2p1%py® (py + po)® + 32pi%p,® (1 —+ py)
— 64p.°ps"} + 24 (n — 4) {p:2po% (b1 -+ o) — 8pi%p®
= PiPa® (P1 + po)® + 12p:%p (p1 + po) — 16p,%p,%}  (4.8)

- x4 for the total number of joins between points of different
characters can be written in a similar manner.

(ii) Fourth cumulants of distributions for points on a lattice—The
probabilities for one, two, three and four joins from two, three, four

and five points for the various possible configurations are shown in
Table II. ‘

Now to obtain the fourth cumulants of the distributions we have
to evaluate the «”’s for the different configurations shown in Table IT.

'3, ky's k13’ and xyy' are the same as given in (4.1), (4.2) and
4.3). : .

Kng - (2-5\0) = K121 (E-\—\O) = k'1z1 (z:\o) =

E(x; —ay)® (x, — ay) (xs —dy) — 2uyy® — popyy
= Ay — 5Aa, + 1043a,? + 2a,® — 6a,* — 24,2

. 4.9
00 , (O 0y , (OO0
o (§26) = (1) = e (820)

= Ay — 3a,dq — 2a,4, + 10a,2a, + 2a,?
—2a® — 6ayt | (4.10)




TABLE 11

Probabilities for different configurations

0—0
| 1 B,

it

229 +4 219 +24 (19

) Probability for joins of No. of
Configurations A : Con%%lutfﬁélons
B-B | B-W and W-B Different colours lattice
One join from two points - p? 2p1D» 2 (1) o
0—0 a,
"Two joins from three points p® PP (Py + Pa) (21) + 6 (1) a4y = ay
0—0—-0 a3
"Three joiné from three points P 0 16 (19) a
O
I \ A;
o0-0
“Three joins from four pomts meetmg at . . o ‘
a common point pt PP (P1® -+ po®) (31 +6(21%)+ 24 (1) ag
0—0—-0
| A,
O .
'Threejoms from four points forming a chain | p? 2p,2p,2 2 (22) + 6 (212) + 24 (19 ag
0—0—-0-0 44 :
“Four joins from four points forming a ring Pt - 2py%pst ay,

0zt

SOLLSILV.LS TVINLIAONNDY 40 ALAID0S NVIANI SHL J0 TVYNINOIL




“"Four joins from four points three of which
form a A '

0—-0Q-0

g B

‘Four joins from five points meeting at a
common point

7
0-0-0 G;
O

Four joins from five points such that three
meet at a point

?
0—-0-0 G

I

e}

"Four joins from five points forming a chain
0—0—0-0—0 4

p4

b2 (P + ps®)

Pip2® (P + p2)

DP1°pa% (p1 + pa)

4 (212) + 24 (19)

(41) + 8 (312) + 6 (221)
+ 36 (213) - 120 (15)

(32) + 4 (31%) -+ 36 (219)

+ 10 (221) -+ 120 (15)

(32) + 2 (312) + 36 (21%)
4 12 (221) + 120 (15)

ay

SNOLLAENIISIA 40 SINVTINWND ANV SINIWOW TVI4OLO VA
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The «”s arising from three joins forming a chain has already been
gwen in (4.4) and (4.5).

K11 ( [ /1 ) =B’y —2a,a, — ayd; — ayA; + 9aia,®
0—-0
— 4a,* — 2a4? 4.11)
0-0 o ‘
K,1111 Io é == B4 — 4agB4 + 8022‘13 '_‘ 3034 — 2032 (4.12)

K (0"'?.—0) = B, —4ayd, + 12a%a; — 6a,* — 3a* (4.13)
, 0—0-0—0 o .
K111 ( é ) = C; —2a,a, — a,A, + Say2a; — 2a,* —ag?
' N (4.14)
®' 11 (O~ 0—0—0—0) = same as given in (4.6).

Substituting the values of a, 4, B, C, etc., in (3.5) from Table II
the x,’s can be obtained. For black-black joins it reduces to

Ky = ay (p* — Tp* + 120° — 6%) + 84, (p* — p* — 6p° + 6t
+ 6p” — 6p°) -+ 6a;3 (p° — p* —4p® + 2p° 4-8p” — 6p%)
 24a, (p* — 2p° — p° + 4p7 — 2p) + 12a, (p* — 25
— 3 4 8p7 — 4p%) + 36a; (p° — 5p° + 10p7 — 6p9)
+ 36a, (p* — 3p® — 2p® + 10p™ — 6p?) -+ 24a, (p° — 3p®
F 3p7 — 1) + 2dag (p° — Tp° + 1297 — 6pF) -+ 240,
(P — P° — 5p° -+ 997 — 4p%) + 2dayy (b° — 4p° + 5p°

-2 + 24ay, (p* — 6p° + 897 — 3p9), 4.15)

where the values of the o’s obtained by B. V. Sukhatme (1951) are .
as follows:

= (b —3a+2), ay = ay = (28b — 26a - 44),
ay = (184b — 327a + 554), ay = (4b — 4a + 4),
— (56b — 92 -+ 148), o, = (11685 — 2614a - 5580)
. = (70b — 130a -+ 240), ay = (72 — 108 + 156),
ajy = (1032 — 2166a + 4416), oy, = (125 — 17 -+ 23)
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in which b=mn and a=m+n, m and n being the number of
points on the sides- of the lattlce

Similarly. by substituting the values of a, A B and C given, in
Table II the 4th cumulant for the distribution of B-w and w-B joins
and also for the total number of joins between points of different colours
and also for the total number of joins between points of different
colours can be written. '

5. SUMMARY

A rigorous proof “for the author’s result for calculating the
factorial moments of distributions arising in Markoff chains has been
given. A new simple method for obtaining the cumulants of such
distributions has also been developed.
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ERRATA
. (Vol. 1V, No. 1, p. 61)

E’xghth row of the table—Read *“ 18 ”* in place of ** 17 . .
3rd and 4th lines from the bottom—Read ““ 18 in place of 17




